Over the past ten years there has been intensive investigation of the angular momentum of electromagnetic f ields. 1 -9 In the paraxial approach 2 the angular momentum of a light beam can be decomposed into two terms, one proportional to the amount of circular polarization, the spin term, and the other, the so-called orbital angular momentum, related to the spatial structure of the phase. However, most studies of orbital angular momentum have analyzed only completely coherent beams, leaving aside the more general case of partially coherent fields. Recently a treatment of partially coherent beams with orbital angular momentum was introduced, but it was restricted to beams that can be constructed from a superposition of Laguerre -Gauss modes with the same azimuthal number l. 6 In this Letter we propose an extension of the existing treatment of the orbital angular momentum, which is valid for partially coherent beams and is based on the well-known Wigner distribution function. 10 From such a definition, which can be used to clarify several experimental situations, 8, 9 a combination of two elements of the so-called beam matrix will take a clear physical interpretation. This def inition is rigorously justified by use of the Mercer expansion of the cross-spectral density function of partially coherent beams. 11 Finally, this def inition is applied to general Gaussian-Schell-model (GSM) beams. 12, 13 For these beams the relation between the twist parameter and the orbital angular momentum is established.
Let us start by introducing L, the angular momentum density per unit length along the z axis of a light beam. 1 In free space
where r is the position vector and M͑r͒ r 3 S͞c 2 is the angular momentum density of the light beam expressed in terms of the Poynting vector, S e 0 c 2 E 3 B, where e 0 is the vacuum permittivity and c is the speed of light.
We are interested in the angular momentum density per unit length of a monochromatic uniformly polarized beam propagating along the z direction in the paraxial approach. We can obtain a convenient representation of such an optical beam in the Lorentz gauge by choosing the following vector potential:
where t is the time variable, v is the angular frequency, k v͞c, and e ͑e x , e y , 0͒ is a unit vector that contains the polarization information. Considering time-averaged quantities, we can write the Poynting vector in vacuum as
where the overbar symbolizes the time average. Within the Lorentz gauge the f ield vectors E and B can be derived from the vector potential. Neglecting the second derivatives of A 0 ͑r͒ and the first derivatives with respect to longitudinal variable z, and using def initions (1) and (3), we can obtain the time-averaged linear density of the angular momentumL for the vector potential proposed in Eq. (2) . At a certain plane z its components arē
where s 3 2I Im͑e x e y ‫ء‬ ͒ is the fourth Stokes parameter of the beam, I is the power that can be calculated from the z component ofS as
and c͑r͒, ͗x͘, ͗u͘, ͗xy͘, and ͗ yu͘ are def ined as
Definitions for ͗ y͘ and ͗v͘ are symmetric to those given for ͗x͘ and ͗u͘, respectively. In the previous expressions ͗x͘, ͗ y͘, ͗u͘, and ͗v͘ are the so-called f irst-order irradiance moments of the beam. 10 They represent the beam center of gravity ͑͗x͘, ͗ y͒͘ and the mean direction of the beam propagation ͑͗u͘, ͗v͒͘. With that in mind, Eqs. (4) and (5) come as no surprise. When we def ine the angular momentum with respect to the origin, a beam that does not pass through x y 0 or form an angle with the z direction will introduce angular momentum along the transversal directions. Therefore, suitable translation and rotation of the Cartesian coordinate system, such that ͗x͘ ͗ y͘ ͗u͘ ͗v͘ 0, leaves only the nontrivial longitudinal angular momentum component,L z . In that case the time-averaged angular momentum f lux of a coherent beam through a z plane, J z L z c, is given by
As expected, the longitudinal component of the angular momentum f lux is composed of two terms. The polarization, or spin, term,
depends on the Stokes parameter s 3 and therefore is proportional to the amount of circular polarization of the beam. The spatial term,
is expressed here as the difference of two second-order beam moments that, for coherent fields, are related to the phase spatial structure. Equation (15) gives the correct result for Laguerre-Gauss beams, and it is also valid for other types of coherent beam, such as those considered in Ref. 4 . From now on we shall focus our attention on the orbital angular momentum term. At this point it is interesting to consider the second-order moments characterization of beams. Such characterization relies on the so-called beam matrix. 10, 12 This matrix is a real 4 3 4 symmetric positive-def inite matrix with only ten independent elements. All the elements are related to spatial characteristics of the beam, such as beam widths, divergences, and radii of curvature. Only ͗xv͘ 2 ͗ yu͘, the antisymmetric part of one of the submatrices of the beam matrix, remains with no clear physical interpretation. Now, from Eq. (15), it can be concluded that this term is proportional to the orbital angular momentum transported by the beam. Also note that, as expected,J z is invariant under rotation and in free-space propagation.
Although Eq. (15) was derived only for totally coherent f ields, we could think about using it for general partially coherent beams with the same physical meaning. For such beams the beam matrix is also def ined with the same interpretation of nine of its elements, those related to beam widths, divergences, and generalized radii of curvature. In this sense it seems plausible to consider Eq. (15) the orbital angular momentum transported by general partially coherent f ields. In that case, the second-order moments should be def ined in terms of the Wigner distribution function h͑x, y, u, v͒ of the beam, 10 namely,
where u and v represent angles of propagation (the evanescent waves are not taken into account). It is important to note that Eqs. (11) and (12) are equivalent to Eqs. (16) and (17) in the case of totally coherent beams.
The previous plausibility argument can be rigorously justif ied by means of the so-called Mercer expansion of partially coherent beams. According to Ref. 11, the cross-spectral density function G͑r 1 , r 2 ͒ of such f ields, which contains the same information as h͑x, y, u, v͒, 10 can be expressed as an incoherent superposition of cross-spectral density functions associated with coherent fields:
where
corresponds to totally coherent beams. In this expansion c n ͑r 2 ͒ are solutions of the following integral equation:
where the eigenvalue I n is the power content associated with c n and the eigenfunctions are orthogonal:
It is interesting to note that, because the Wigner distribution is the Fourier transform of the cross-spectral density function and the Fourier transform is linear, Eq. (18) can be rewritten in terms of h͑x, y, u, v͒. We can assign an orbital angular momentum f lux J ͑n͒ z to each coherent mode n:
Inasmuch as the total cross-spectral density function G is a superposition of mutually incoherent terms G ͑n͒ we can sum all the contributionsJ ͑n͒ z to obtain the total orbital angular momentum:
However, by virtue of the Mercer expansion [written in terms of h͑x, y, u, v͒], the second-order moments ͗xv͘ and ͗ yu͘ of a partially coherent field can be expressed in terms of the same second-order moments associated with each mode n as
where I P n I n is the power of the partially coherent beam. Substituting Eqs. (24) and (25) into Eq. (23), we arrive atJ
in complete agreement with Eq. (15). As a particular case let us consider GSM beams. 12, 13 These are the most general beams with Gaussian prof iles in irradiance and in transversal spatial coherence, and they are described in terms of three 2 3 2 symmetric matrices, s I (beam width), s g (transverse coherence width), R (curvature radius), and a scalar t (the twisted phase parameter). Following Eq. (15) and using Eq. (20) of Ref. 12 (with the correct sign), we find that the orbital angular momentum of GSM fields is given bȳ
A f irst conclusion is thatJ z is independent of the coherence properties of the beam given by s g (although t is limited by s g , it does not depend on it 12 ). We can also see that there are two contributions toJ z . The f irst term depends on s I , and R and is zero only when both matrices have the same orientation. The second term vanishes only when t 0. Therefore t cannot be identif ied, in general, with the orbital angular momentum (also note that in general t is not even invariant in free propagation). In this sense we can find beams that lend both contributions to the angular momentum (such as the pseudoaligned simple astigmatic beams 12 ), beams that fulfillJ z fi 0 but with t 0 (for example, coherent Gaussian beams whose intensity prof iles rotate in free propagation 5 ) or beams (for example, the family of twisted GSM beams 14 ) for which twist and orbital angular momentum are equivalent because s I and R have the same orientation. Finally, inasmuch as each term could be positive or negative, there are beams for which the s I R contribution and the t contribution compensate for each other, giving a beam that does not transport orbital angular momentum.
